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We study Josephson-like junctions formed by materials with antiferromagnetic (AF) order parameters. As
an antiferromagnet, we consider a two-bandmaterial in which a spin density wave (SDW) arises. This could
be Fe-basedpnictides in the temperature intervalTc ≤ T ≤ TN, whereTc andTN are the critical temperatures
for the superconducting and antiferromagnetic transitions, respectively. The spin current jSp in AF/F/AF
junctionswith a ballistic ferromagnetic layer and in tunnel AF/I/AF junctions is calculated. It depends on the
angle between themagnetization vectors in the AF leads in the same way as the Josephson current depends
on the phase difference of the superconducting order parameters in S/I/S tunnel junctions. It turns out
that in AF/F/AF junctions, two components of the SDW order parameter are induced in the F-layer. One
of them oscillates in space with a short period ξF,b ∼ħv/H while the other decays monotonously from the
interfaces over a long distance of the order ξN,b =ħv/2πT (where v , H and T are the Fermi velocity, the
exchange energy and the temperature, respectively; the subindex b denotes the ballistic case). This is a
clear analogy with the case of Josephson S/F/S junctions with a nonhomogeneous magnetization where
short- and long-range condensate components are induced in the F-layer. However, in contrast to the charge
Josephson current in S/F/S junctions, the spin current in AF/F/AF junctions is not constant in space, but
oscillates in the ballistic F-layer. We also calculate the dependence of jSp on the deviation from the ideal
nesting in theAF/I/AF junctions. The spin current ismaximal in the insulatingphase of theAF anddecreases
in the metallic phase. It turns to zero at the Neel point when the amplitude of the SDW is zero and changes
sign for certain values of the detuning parameter.
PACS numbers: 74.45.+c, 74.50.+r, 75.70.Cn, 74.20.Rp
I. INTRODUCTION
Similarity between the magnetic and superconducting
ordering has been noted long time ago (see Ref. 1 and the
review articles 2 and 3). In the simplest case of the BCS su-
perconductivity the order parameter is described by a com-
plex quantity ∆= |∆|exp(iχ) with the amplitude |∆| that de-
termines the Cooper pair density and the phase χ related to
a voltage V via the gauge Josephson equation
ħ∂tχ= qV , (1)
with q =−2|e|, e being the elementary charge. This relation
shows that, in equilibrium, the gauge-invariant quantity µ
equals zero: µ=ħ∂tχ−2eV .
The electrical current jq of the condensate is expressed in
terms of another gauge-invariant quantity—the condensate
velocity vs = (ħ∇χ−qA/c)/2m as jq = qnsvs.
One of the most remarkable phenomena arising in su-
perconducting systems is the Josephson effect. Josephson15
showed that a condensate current
jJ = jc sin(ϕ) (2)
canflow in anS/I/S junctionbeing a periodic functionof the
gauge-invariant phase difference between superconductors
ϕ=−(2m/ħ)∫RL vsdl, where the limits of the integration R
and L mean respectively the right and left superconductors
S separated by an insulating layer I, and jc is the Josephson
critical current.
In the case of a magnetic ordering—ferromagnetic (F) or
antiferromagnetic (AF)—the order parameter is the magne-
tization M (in the antiferromagnets the vector M is themag-
netization in oneof the sublattices). The absolute value ofM
corresponds to the amplitude |∆| in superconductors, and
the angle θ between the z-axis and the vector M is analo-
gous, to some extent, to the phase χ. The temporal variation
of θ is described by the equation similar5,6 to Eq. (1),
∂tθ =−gµBδB · (MR×ML)/MRML , (3)
where g is the gyromagnetic ratio, µB is the Bohr mag-
neton, δB=BR−BL and BR,L is the magnetic induction in
the respectively right or left F- or AF-layer composing the
Josephson-like structure. In Eq. (3), the z-axis is chosen to
be directed along the vector δB.?
The Josephson-like effect in F/I/F and AF/I/AF junctions
was studied inRefs. 4–6. Itwas found that in these junctions,
the spin current has the form
jSp = jc,Sp sin(α) , (4)
where α= θR−θL and jc,Sp is a constant related to the bar-
rier transmittance |T |2.
In the full analogy to the Josephson charge current jJ, the
spin current is nondissipative. The absence of the dissi-
pation for the spin current and the possibility to use this
dissipationless current in spintronics has been discussed
in many papers7–11 (see also reviews 12 and 13). Unfortu-
nately, using the spin currents in spintronics does not seem
to be straightforward because the analogy between the spin
and charge currents is not complete, namely, the spin cur-
rent is not a conserved quantity.1–3 Wewill demonstrate the
validity of this statement considering the proximity effect in
2AF/F structures. In particular, wewill calculate the spin cur-
rent through a Josephson-like AF/F/AF junction.
It is well known that the Josephson effect in S/F/S junc-
tions reveals new remarkable properties16–19 that are absent
in the case of more conventional S/I/S or S/N/S junctions.
First, the condensate functions f penetrating into a dif-
fusive F-layer decay on a very short range of the order
ξF,d =
p
Dħ/H , where D is the classical diffusion coeffi-
cient of the ferromagnet and H is the exchange field; the
subindex d denotes the diffusive case. This expression
for ξF,d is valid if the condition τH ≪ 1 is fulfilled, where
τ is the momentum relaxation time. Usually, the exchange
field H is much larger than the critical temperature of the
superconducting transition Tc. In addition, the Cooper
pairs wave function oscillates in space. It consists of the sin-
glet component f3, and the triplet component f0 with zero
projection of the total spin on the direction of the magneti-
zation M. Such oscillations lead to a change of the sign of
the Josephson critical current jc, and the so called π-state is
realized in the junction.
Another interesting effect predicted in Ref. 20 (see
also the reviews 18 and 19) and observed in several
experiments21–28 in S/F structures, is related to a new type
of superconducting correlations. This type of correlations
called “odd triplet superconductivity” can arise due to the
proximity effect in the F-layer with a nonhomogeneous
magnetization. In the case of a uniform magnetization
in the F-layer, the pair wave function there has both the
singlet component fsng ∼ 〈ψ↑(t)ψ↓(0)−ψ↓(0)ψ↑(t)〉 and the
triplet component f0 ∼ 〈ψ↑(t)ψ↓(0)+ψ↓(0)ψ↑(t)〉 with zero
projection of the total spin of the Cooper pair on the di-
rection of the magnetization. Both components oscillate in
space and decay on a short length of the order of ξF,d. In
the ballistic case, these components oscillate with the pe-
riod∼ ξF,b = vħ/2H .
The situation changes drastically if the magnetiza-
tion in F is not uniform in the nearest vicinity of the
S/F interface.18–20 In this case, not only the compo-
nents fsng ≡ f3 and f0 arise in the F-layer, but also the triplet
component f1(t)∼ 〈ψ↑(t)ψ↑(0)+ψ↑(0)ψ↑(t)〉 with nonzero
projection of the total spin on M is generated. This compo-
nent is insensitive to the exchange field and penetrates the
F-layer over a long (compared to ξF) distance. The penetra-
tion length does not depend on the exchange field H and
is much larger than ξF. In absence of the spin-orbit interac-
tion and scattering by magnetic impurities this length may
become comparable with the penetration length of the su-
perconducting condensate into the diffusive normal (non-
magnetic) metal ξN,d = (Dħ/2πT )1/2.
The component f1 can be called the long-range triplet
component (LRTC). It is symmetric in themomentum space
and is therefore also insensitive to the scattering by ordi-
nary (nonmagnetic) impurities. In this respect the LRTC
differs drastically from the usual triplet component ftr
that describes superconductivity in Sr2RuO4.
29 The latter
is an antisymmetric function of the momentum p and is
therefore destroyed by ordinary impurities. The correla-
tor f1 changes sign by permutation of the operators ψ↑(t)
and ψ↑(0), as it should be according to the Pauli principle,
which follows from the fact that the Fermi operators ψ↑(t)
and ψ↑(0) anticommute at equal times. This means that
f1(0)∼ 〈ψ↑(0)ψ↑(0)+ψ↑(0)ψ↑(0)〉 = 0, i.e., the function f1(t)
is an odd function of time t or, in other words, it is an odd
function of the frequency ω in the Fourier representation.
That is why this component is called “odd triplet compo-
nent”.
Recent experiments unambiguously confirmed the exis-
tence of the LRTC in the S/F structures with a nonhomoge-
neous magnetization.21–28
In this paper we show that the analogy between
the superconducting and magnetic order parameters in
Josephson-like junctions is deeper than it was indicated
previously. It turns out that in the SDW/F/SDW junction
with a ballistic F-layer the “short”- and long-range AF or-
der parameters are induced in the F-layer in an AF/F struc-
ture (we use the quotation marks for “short”-range, to in-
dicate that in the considered ballistic case this component
does not decay on a short range, but rather oscillates with
a short period). The component of the AF order parameter
with the M vector (in each sublattice) being parallel to the
magnetization vector in the F-layer MF, which is supposed
to be oriented along the z-axis, penetrates into the F-layer
and oscillates with a short period of the order of ξF,b. On
the other hand, the SDW with the M vector perpendicular
to MF penetrates the F-layer over a long distance of the or-
der of ξN,b and decays monotonously. This part of the SDW
order parameter may be called the long-range component
induced in the ferromagnetic layer.
At the same time, in spite of the long-range penetration
of the AF correlations into the ferromagnet F, the spin cur-
rent that arises at theAF/F interface is not constant in space.
It oscillates in the F region with a short period. The study
of the spin current in various heterostructures is important
not only from the point of view of fundamental physics but
also from the point of view of possible applications of these
structures in spintronics.13
We do not analyze the case of the Bose–Einstein con-
densation in the magnon system at a high magnon density
which can be realized via the external pumping. In this case,
a Josephson-like effect may also arise, but it has different
properties (see the review 14 and references therein).
II. MODEL
In order to describe the AF order we adopt the model
developed for superconducting Fe-based pnictides.31–35 In
this model the band structure is assumed to consist of two
bands (electron and hole) with perfect or almost perfect
nesting, which is taken into account by a certain param-
eter δµ. Due to this, a spin density wave (SDW) corre-
sponding to an antiferromagnetic order parameter arises in
these materials. On the basis of this model, which describes
well many properties of this new class of high-Tc supercon-
ductors (see review articles 36–41 and references therein),
the generalized Eilenberger equations for the quasiclassi-
3FIG. 1. (Color online.) The considered setup. The two antiferro-
magnets SDW are separated by a thin ferromagnetic layer of thick-
ness 2L. The orientation of the magnetization vectors of the SDW
in the leads lying in the y-z-plane is shown in red.
cal Green’s functions gˇ have been derived in the previous
paper42 by the authors (see also a recent paper52 where the
definition of the Green’s functions differs from ours). The
quasiclassical formalism is especially suitable for tackling
nonhomogeneous problems and the matrix functions gˇ al-
low one to find all the necessary observable quantities, such
as the charge and spin currents, the density-of-states, etc.
The technique of quasiclassical Green’s functions is pre-
sented, e.g., in Refs. 43–45.
III. SDW/F/SDW “JOSEPHSON” JUNCTION
A. “Short”- and Long-range Components
First, we consider a Josephson-like AF/F/AF junction
composed of two leads and a thin ferromagnetic layer be-
tween the leads. In the leads a spin density wave exists,
which is a particular example of the AF order and the layer
between these materials is a ferromagnet in the ballistic
regime (see Fig. 1). For simplicity, we assume that both the
SDW and the F parts of the structure consist of similar two-
band materials and differ from each other by different in-
teraction constants and doping levels. The AF/F interface
penetrability is supposed to be small and thus one can ne-
glect the effect of the F-layer on the SDW leads. The Green’s
functions in the right (left) leads are given by the formula
that can be obtained from Eq. (6.4) of Ref. 42 by setting the
superconducting order parameter to zero,∆= 0)
gˇR(L) =
1
EM
{
ωn τˆ3+WM0
[
ρˆ1 · τˆ2 · σˆ3 cos(α/2) (5)
± ρˆ2 · τˆ1 · σˆ2 sin(α/2)
]}
.
Here, ωn = πT (2n+1) is the Matsubara frequency, WM0 is
the amplitude of the SDW, EM =
√
ω2n +W 2M0 and ρˆi · τˆ j · σˆk
is the tensor product of Pauli matrices in the band, Gor’kov–
Nambu and spin space, respectively. The magnetization of
the SDW lies in the y-z-plane at the angle ±α/2 relative to
the z-axis, with the projection on the y-axis ±WM0 sin(α/2)
in the left (right) leads. For simplicity, we suppose the ideal
nesting and set δµ= 0. In the F-layer, the quasiclassical
Green’s functions obey the equation
nx v∂x gˇ +
[
Λˇ , gˇ
]
= 0, (6)
where nx = px/p and v is the modulus of the Fermi veloc-
ity. Thematrix Λˇ is defined as Λˇ= τˆ3 · (ωn ρˆ0 · σˆ0+ iH ρˆ0 · σˆ3)
with the exchange field in the ferromagnet H . We assume
that there is no impurity scattering in the F-layer (ballistic
case). The impurity scattering leads to a suppression of the
SDW amplitude.51,52
Equation (6) is supplemented by the boundary condition
which we write in the form
(gˇ (nx )− gˇ (−nx ))=±sgn(nx )[gˇ ,Tˇ · gˇR(L) · Tˇ ] . (7)
The transmission coefficient Tˇ is a matrix, which is as-
sumed to be small. This boundary condition generalizes
the widely used boundary condition derived by Zaitsev46
to the case of a two-band metal with an SDW. We con-
sider a simplified model for the AF/F interface and assume
that there are no interband transitions. In this case, the
matrix Tˇ has the form Tˇ = (T3ρˆ3+T0ρˆ0) · τˆ0 · σˆ0, where
T0,3 = (T1∓T2)/2 and T1,2 are thematrix tunneling elements
for transitions from the band 1 resp. 2 of the F-layer to the
same bands 1 resp. 2 of the SDW leads (see the Appendix A).
If these elements are equal, i.e., T1 = T2 ≡ Ttun, then T0 = 0
and T3 = Ttun.
The boundary conditions that describe real materials are
more complicated. They must include the transitions be-
tween different bands and this process may be accompa-
nied by spin flips. However, we are not interested in exact
calculations of the amplitude of the SDW penetrating into
the ferromagnetic layer, but rather in a qualitative effect—
the appearance of “short”- and long-range components.
The existence of these components does not depend on the
exact form of the boundary conditions.
In the lowest order of approximation in the transmission
coefficientT (no proximity effect), thematrix gˇ in the ferro-
magnet has the form gˇ ≡ gˇ0F = sgn(ω)ρˆ0 · τˆ3 · σˆ0. Therefore,
the boundary condition can be written in the form
(gˇ (nx )− gˇ (−nx ))=±sgn(nx )T 2eff
[
τˆ3 , fˇR(L)
]
, (8)
where the matrix fˇR(L) equals
fˇR(L) =
WM0
EM
{
ρˆ1 · τˆ2 · σˆ3 cos(α/2)± ρˆ2 · τˆ1 · σˆ2 sin(α/2)
}
(9)
and
T 2eff =−(T 20 −T 23 )= T1T2 (10)
is an effective transmission coefficient for the SDW. The
boundary condition (8) defines the spin current through
the interface. One can see that if one of the tunneling ele-
ments (T1 or T2) is zero, then the spin current turns to zero.
We need to find a solution of Eq. (6) supplemented with
the boundary condition (8). In the considered case of
a low penetrability of the SDW/F interface, the matrix gˇ
4in the F-film can be represented in the form gˇ = gˇ0F+δgˇ ,
where δgˇ is a matrix with a small “amplitude” which de-
scribes the SDW induced in the F-film due to the proxim-
ity effect. As usual, we represent gˇ as a sum of a sym-
metric in momentum part and the antisymmetric one, i.e.,
δgˇ = sˇ+nx aˇ. We substitute this expression into Eq. (6) and
split it into two equations for the symmetric and antisym-
metric parts
v∂x sˇ+
[
Λˇ , aˇ
]= 0, (11)
n2x v∂x aˇ+
[
Λˇ , sˇ
]= 0. (12)
Excluding the matrix aˇ, we obtain one equation for the ma-
trix sˇ
− v2n2x∂2x sˇ+
[
Λˇ ,
[
Λˇ , sˇ
]]= 0. (13)
For the matrix aˇ we obtain a similar equation. The commu-
tator
[
Λˇ ,
[
Λˇ , sˇ
]]
is easily calculated resulting in
[
Λˇ ,
[
Λˇ , sˇ
]]= 2{(ω2−H 2)sˇ+2iHω(σˆ3 · sˇ+ sˇ · σˆ3) (14)
+ω2 sˇ−H 2σˆ3 · sˇ · σˆ3
}
.
Here, we used the property sˇ ∼ τˇ1,2. It is seen from the
boundary conditions (8–9), that this matrix anticommutes
with τˇ3. It is convenient to represent the matrix sˇ as a
sum of two matrices sˇ = sˇ∥+ sˇ⊥, where sˇ∥ = sˆ0 · σˆ0+ sˆ3 · σˆ3
and sˇ⊥ = sˆ2 · σˆ2. We will see that the matrix sˇ∥ describes a
“short”-range component of the SDW penetrating into the
F-layer, while sˇ⊥ determines the long-range component,
which is perpendicular to the orientation of the magnetiza-
tion in the ferromagnet. From Eq. (13) we obtain the equa-
tions for sˇ∥ and sˇ⊥
−v2n2x∂2x sˇ∥+4(ω+ iH σˆ3)2 sˇ∥ = 0, (15)
−v2n2x∂2x sˇ⊥+4ω2 sˇ⊥ = 0. (16)
In the first order in the transmission coefficient T 2
eff
the
solutions of these equations obeying the boundary condi-
tions are
sˇ∥ = 2msωT 2effρˆ1 · τˆ2 ·
[
σˆ3 ·R(x)+ iσˆ0 ·I (x)
] ·cos(α/2) ,
(17)
sˇ⊥ = 2msωT 2effρˆ2 · τˆ1 · σˆ2 ·C (x) ·sin(α/2) , (18)
where sω ≡ sgn(ω) and m =WM0/EM is the dimensionless
amplitude of the SDW induced in the F-layer and
R(x)=ℜ{J (x)} , I (x)=ℑ{J (x)} , (19)
and
J (x)= cosh(θ+x/L)
sinh(θ+)
, C (x)= sinh(θωx/L)
cosh(θω)
, (20)
with θω ≡ ̹ωL and θ+ = ̹+L. The here introducedwave vec-
tors ̹+ = 2(|ω|+ iH sgn(ω))/v |nx | and ̹ω = 2|ω|/v |nx | de-
termine the characteristic lengths which describe the pen-
etration of the “short”- and long-range components of the
SDW into the F-region, respectively. The same wave vectors
characterize the penetration of the short-range component,
i.e., the singlet and triplet component with zero projection
of the total spin onto the z-axis, and the long-range triplet
component of the superconducting wave function into the
F-region of an S/F bilayer in the ballistic case.17–19
The component of the SDW sˇ∥, Eq. (15), which can be
called the “short”-range component, oscillates at a given
angle χ= arccos(nx ) rather fast in space with a period of the
order of ξF,b (it is assumed that H ≫T ). Being averaged
over the angle, it decays from the interface in a power-law
fashion. The long-range component sˇ⊥, Eq. (16), penetrates
into the ferromagnet over a long length ∼ ξN,b, which does
not depend on the exchange fieldH . Thus, there is an anal-
ogy with an S/F/S Josephson junction where the ferromag-
net has an inhomogeneous magnetization.18,19 In the bal-
listic case, the “short”-range component of the condensate
wave function oscillates in space with a period ∼ ξF,b,17–19
whereas the long-range component penetrates the ferro-
magnet over the length ∼ ξN,b. We use quotation marks for
the “short”-range component because, in the considered
ballistic case, this component does not decay exponentially
in the ferromagnetic layer, but oscillates and decays in a
power-law fashion after averaging over the angles. In the
diffusive limit in the S/F/S junctions, this component de-
cays exponentially on a short distance of the order ξF,d.
Note that the “short”-range component sˇ∥ consists of the
odd and even in ω parts (correspondingly, the first and the
second terms in Eq. (17)), whereas the long-range compo-
nent sˇ⊥ is an odd function of the frequency ω. The same
dependence has an anomalous (Gor’kov’s) Green’s function
in an S/F/S system with a nonhomogeneous magnetiza-
tion M.17,18 In the last case, the short-range part consists
of the singlet component and triplet component with zero
projection of the total spin onto the M vector, and the long-
rangepart consists of the triplet componentwith a non-zero
projection of the total spin onto the M vector.
In Fig. 2 a) we plot the coordinate dependence of
the “short”- (the functions R(x) and I (x)) and the
long-range (the function C (x)) components. The former
stems from the part of the matrix gˇ corresponding to the
magnetization component of the SDW M parallel to the
magnetization in the ferromagnet MF||z, i.e., the second
term on the right in Eq. (5). The long-range compo-
nent stems from the SDW component perpendicular to the
MF vector and turns to zero at α= 0.
The components of aˇ that determine the spin cur-
rent j
x(y)
Sp
(x) can be presented in the same form as the
sˇ∥,⊥ matrix, i.e., aˇ = aˇ∥+ aˇ⊥. The “longitudinal”—aˇ∥, and
the “transverse”—aˇ⊥ , parts are related with sˇ∥,⊥ through the
simple formulas (see Eq. (12))
vn2x∂x aˇ∥ = 2sωτˆ3 · (|ω|σˆ0+ iH σˆ1) · sˇ∥ , (21)
vn2x∂x aˇ⊥ = 2sω|ω|τˆ3 · σˆ0 · sˇ⊥ . (22)
5FIG. 2. (Color online.) The coordinate dependence of the “short”-
range resp. the long-range components of the Green’s function in
the F-layer.
a) the symmetric in momentum part of gˇ—R(x) and I (x)
resp.C (x)
b) the antisymmetric in momentum part of gˇ—R¯(x) and I¯ (x)
resp. C¯ (x)
From Eqs. (15–22) we find the matrix aˇ:
τˆ3 · aˇ∥ =−2m
T 2
eff
|nx |
ρˆ1 · τˆ2 ·
[
σˆ3 ·R¯(x)+ iσˆ0 · I¯ (x)
]
·cos(α/2) ,
(23)
τˆ3 · aˇ⊥ =−2m
T 2
eff
|nx |
ρˆ2 · τˆ1 · σˆ2 · C¯ (x) ·sin(α/2) , (24)
where
R¯(x)=ℜ{ J¯ (x)} , I¯ (x)=ℑ{ J¯ (x)} , (25)
and
J¯ (x)= sinh(θ+x/L)
sinh(θ+)
, C¯ (x)= cosh(θωx/L)
cosh(θω)
. (26)
These functions are plotted in Fig. 2 b) and contribute to
the “short”- and the long-range components of the Green’s
function in the F-layer, more exactly—to the odd in nx part
of it.
As it follows from the expression for the spin current (see
Eq. (3.13) in Ref. 42)), the obtained formulas for aˇ∥,⊥ lead to
zero spin current inside the F-film. This result is quite natu-
ral because the spin Josephson-like current in SDW/F/SDW
junction should be proportional to the penetration proba-
bilities of both interfaces, i.e., j
x(y)
Sp
(x)∼T 2
eff(L)
T 2
eff(R)
. In the
symmetric case under consideration T 2
eff(L)
=T 2
eff(R)
=T 2
eff
.
In order to obtain a finite spin current, we have to calcu-
late the matrix aˇ in the next order in the transmission co-
efficient T 21,2. We can easily find the corrections δaˇ∥,⊥ from
the normalization condition
gˇ · gˇ = 1. (27)
As it follows from this equation
aˇt · (gˇ0F+ sˇt )+ (gˇ0F+ sˇt ) · aˇt = 0, (28)
where aˇt = aˇ+δaˇ and sˇt = sˇ+δsˇ.
Therefore, for δaˇ we obtain the equation
2gˇ0F ·δaˇ+ aˇ · sˇ+ sˇ · aˇ = 0, (29)
where gˇ0F = sgn(ω)ρˆ0 · τˆ3 · σˆ0. We are interested in the com-
ponent δaˇ3 of the matrix δaˇ, which is proportional to the
matrix τˆ3, because only this component contributes to the
spin current. This component commutes with the ma-
trix gˇ0F.
Substituting expressions (17–26) into Eq. (29), we obtain
for δaˇ3
δaˇ3 = 2isω
(
mT 2
eff
)2
|nx |
ℜ
{
cosh
[
(θ+−θω)x/L
]
sinh(θ+)cosh(θω)
}
sin(α)ρˆ3·τˆ3·σˆ1 .
(30)
One can write Eq. (30) in the form
δaˇ3 = 2isω
(
mT 2
eff
)2
|nx |
tanh(θω)
cos(θH )
cosh2(θω)−cos2(θH )
(31)
×cos(θH x/L)sin(α)ρˆ3 · τˆ3 · σˆ1 ,
where θH =H L/v |nx |.
Now, the spin current can be easily calculated.
B. Spin Current
We see that the SDW/F/SDW junctions are very simi-
lar to the S/F/S Josephson junctions. In analogy to the
“short”- and long-range components of the superconduct-
ing condensate penetrating the ferromagnet, there are sim-
ilar “short”- and long-range components of the SDW pene-
trating the ferromagnet.
Nevertheless, there is an essential difference between the
two systems. The Josephson charge current jJ in an S/F/S
junction is constant in space in the ferromagnet. It is de-
termined by the long-range component, provided the mag-
netization M(x) in the F-layer is not uniform and the thick-
ness dF of this layer is not too small (dF≫ ξF).
In contrast, the spin current in an SDW/F/SDW junction
is not constant in the F-layer but oscillates with a period of
the order of ξF (see Fig. 3). It is constant in space only in the
absence of the exchangefield, i.e., in SDW/N/SDW junction.
The spin current through the SDW/F/SDW junction can
easily be calculated using the formula for jSp (see Eq. (3.13)
of Ref. 42)
j
x(y)
Sp
(x)=−i (2πT )vν
8
µB
∑
ω
Tr〈(ρˆ3 · τˆ3 · σˆ1,2 · aˇ)n2x 〉 . (32)
The notation j
x(y)
Sp
(x) means the spin current density with
the spin projection x (resp. y) flowing perpendicular to the
S/F interface and the angle brackets denote the angle aver-
aging.
Substituting Eq. (30) into Eq. (32) we obtain
j xSp(x)= j xc,Sp(x) ·sin(α) , (33)
6FIG. 3. (Color online.) The coordinate dependence of the spin cur-
rent in the F-layer for different values of the strength of the mag-
netic field h ≡H ; Tm is the SDW transition temperature.
a)
(
Teff
)2∝ δ(1−|nx |),
b)
(
Teff
)2 = γB = const.
where
j xc,Sp(x)=µBvν(2πT ) (34)
×
∑
ω
〈 |nx |m2T 4eff tanh(θω)cos(θH )cos(θH x/L)
cosh2(θω)−cos2(θH )
〉
.
One can see that the spin current oscillates in space in the
F-layer. It is also seen that in the case of a normal (nonmag-
netic) metal, i.e., at H = 0, the spin current is constant in
space.
As follows from Eq. (34), the spin current at the interfaces
it is equal to
j xc,Sp(±L)=µBvν(2πT ) (35)
×
∑
ω
〈 |n|x m2T 4eff tanh(θω)cos2(θH )
cosh2(θω)−cos2(θH )
〉
.
Using Eq. (34) we plot the coordinate dependence of the
critical spin current with the projection of the spin onto the
x-axis in Fig. 3 for different values of H . The critical spin
current oscillates with a period of the order of ξF,b. On the
left panel we choose
(
Teff
)2∝ δ(1−|nx |) so that there is no
dependence of the oscillation amplitude on x; on the right
panel we choose
(
Teff
)2 = γB = const., so that the amplitude
depends on x in a power-law fashion, which is a conse-
quence of the integration over the angles.
Thus, we see that the SDW order parameter penetrat-
ing into the ferromagnet contains two components—a
long-range component with M vector perpendicular to the
magnetization in the ferromagnet MF, and a “short”-range
component with M vector parallel to the z-axis. A simi-
lar effect arises in an S/F/S junction with the nonhomoge-
neous magnetization, where the long-range component is
the odd triplet (S 6= 0) wave function of the Cooper pairs,
and the short-range component corresponds to the sin-
glet and S = 0 triplet wave function.18,19 However, the spin
current jSp is not analogous to the charge Josephson cur-
rent jJ—it is not constant in space, but oscillates with a pe-
riod∼ ξF,b.
IV. SDW/I/SDW “JOSEPHSON” JUNCTION
A. Ferrell–Prange Equation
Now, we consider a junction formed by two materials
with the SDW. These can be iron-based pnictides separated
by an insulating, normal metal or ferromagnetic layer. In all
these cases the current through the junction is given by
j xSp = j xc,Sp ·sin(α) , (36)
where the critical spin current depends on the type of the
barrier. For example, for SDW/N/SDW junction it is equal
to
j xc,Sp = 2µBvν(2πT )W 2M0
∑
ω
〈 |nx |T 4eff
E 2
M
sinh(2θω)
〉
. (37)
Here, the superscript x denotes the component of the spin
current vector having the spin projection on the x-axis only.
For the case of SDW/I/SDW junction we easily obtain
j xc,Sp = 2µBvν(2πT )W 2M0
∑
ω
〈 |n|xT 2eff
E 2
M
〉
. (38)
Introducing Γ˜= 〈|n|xT 2eff〉 we can write this equation in the
case of ideal nesting as
j xc,Sp = Γ˜νµBW 2M0(2πT )
∑
ω
E−2M (39)
= µB WM0
e2R˜
tanh
WM0
2πT
,
which corresponds to the Ambegaokar–Baratoff formula for
the critical Josephson current with ∆ replaced by WM0 and
the “interface resistance per unit area” R˜ is related to the
effective transmission coefficient—R˜ ∝ 1/Γ˜.
Equation (36) for the spin “Josephson” current in an
AF/I/AF junction has been obtained in Ref. 6 by another
method.
Now, we derive an equation similar to the Ferrell–
Prange48 equation. We consider a junction with SDW leads
in the form of thin films. The thickness d of the films must
be less than a characteristic length, overwhich the SDWvec-
tor M restores its preferable direction. This direction is de-
termined by anisotropy effects.
The idea of the derivation is the same as in Ref. 48. Con-
sidering the region near the boundary (cf. Fig. 4) we use the
continuity equation for the spin M(x),
∂t M
(x) =−divjSp , (40)
which can be derived easily from Eq. (3.5) of Ref. 42. Using
the Green’s functions gˇ unperturbed by the proximity effect
(see Eq. (5)), one can show that M(x) = 0. From the continu-
ity equation we get
d · [∂z j zSp(z)|x=+0 −∂z j zSp(z)|x=−0]= 2 · j xSp . (41)
The formula for the spin current j x
Sp
in an SDW lead with
themagnetization orientation varying in space can be easily
7FIG. 4. (Color online.) A scheme for derivation of the Ferrell–
Prange equation.
FIG. 5. (Color online.) Dependence of themagnetization direction
in the “fluxon”with z. Themutual orientation in the leads changes
from 0 to 2π.
obtained from Eq. (6) in the same way as the Meissner cur-
rent is found in a clean superconductor (see, e.g., Ref. 45). It
has the form (see Appendix B)
j zSp(z)|x=±0 =−
1
6
∂α
∂z
v2νµB (2πT )W
2
M0
∑
ω
E−3M . (42)
This equation formally coincides with the corresponding
formula for the supercurrent in a clean superconductor if
one replaces WM0→∆, α→ χ and µB → 2e , where χ is the
phase in the superconductor.
Substituting Eq. (36) into Eq. (41) we arrive at the final re-
sult
dlc∂
2
zα= sin(α) , (43)
where lc is a characteristic length inversely proportional to
the critical current jc ,Sp. It equals
lc =
(∑
ω
〈 |nx |T 4eff
E 2
M
sinh(2θω)
〉)−1 ħv
3
∑
ω
E−3M (44)
in the case of SDW/N/SDW junctions and
lc =
(∑
ω
〈 |n|xT 2eff
E 2
M
〉)−1 ħv
3
∑
ω
E−3M (45)
for SDW/I/SDW junctions.
Equation (43) is the analog of the Ferrell–Prange equation
for a junction composed of twomaterials with the SDW and
separated by somebarrier (a thin insulating or normalmetal
layer).
One can easily find a solution similar to the one describ-
ing a fluxon in the Josephson tunnel junctions. It has the
form
α= 4arctan[exp(z/l0)] , (46)
where the size of the “fluxon” is given by l0 =
√
dlc. The
mutual orientation changes along the z-axis from 0 to 2π
and has the value π in the core of the “fluxon”, cf. Fig. 5.
In the case of the Josephson fluxon one has a circulating
charge current—in our case, the spin current circulates in
the “fluxon”.
B. Finite Detuning
Up to now, we assumed the ideal nesting, δµ= 0. In the
case δµ 6= 0we find the quasiclassical Green’s function in the
SDW system by inverting the matrix Gˇ in Eq. (3.3) of Ref. 42.
It turns out that gˇ is a linear combination of six “basis ma-
trices”
gˇL/R = gˇ030± gˇ122+ gˇ123± gˇ212+ gˇ213+ gˇ300 , (47)
where the subscripts L and R denote the left and right SDW
systems, respectively, corresponding to the setup depicted
in Fig. 1 with the F-layer replaced by a very thin insulating
barrier. The six functions gˇi j k are
gˇ030 = |χ+|−2
(
ω ·ℜ{χ+}+δµ ·ℑ{χ+}) · ρˆ0 · τˆ3 · σˆ0 , (48)
gˇ122 = i|χ+|−2WM0 ·ℑ
{
χ+
}
sin(α/2) · ρˆ1 · τˆ2 · σˆ2 , (49)
gˇ123 = |χ+|−2WM0 ·ℜ
{
χ+
}
cos(α/2) · ρˆ1 · τˆ2 · σˆ3 , (50)
gˇ212 = |χ+|−2WM0 ·ℜ
{
χ+
}
sin(α/2) · ρˆ2 · τˆ1 · σˆ2 , (51)
gˇ213 = i|χ+|−2WM0 ·ℑ
{
χ+
}
cos(α/2) · ρˆ2 · τˆ1 · σˆ3 , (52)
gˇ300 = i|χ+|−2
(
ω ·ℑ{χ+}−δµ ·ℜ{χ+}) · ρˆ3 · τˆ0 · σˆ0 , (53)
where χ+ =
√
W 2
M0
+ (ω+ iδµ)2.
The detuning parameter δµ can be written in the form
δµ=µ0+µφ cos(2φ) with µ0 describing the relative size
mismatch of the “hole” and “electron” pockets and µφ de-
scribes the ellipticity of the “electron” pocket, while the
“hole” pocket is assumed to be a circle.31,33,34
From the quasiclassical Green’s function, Eq. (47), we can
calculate the dependence of various quantities of interest
on δµ.
We begin with the density of states (DoS). The DoS is
given by the formula
ν(ǫ)= 1
2
ℜ〈Tr(ρˆ0 · τˆ3 · σˆ0 · gˇ (ǫ))〉 , (54)
where the angle brackets mean the averaging over the mo-
mentum directions
〈(
. . .
)〉
=
∫
dΩ
4π
(
. . .
)
. (55)
Inserting the expression for the quasiclassical Green’s
function into Eq. (54) we obtain
ν(ǫ)= 1
2
ℜ
〈
ǫ+δµ√
(ǫ+δµ)2−W 2
M0
+ ǫ−δµ√
(ǫ−δµ)2+W 2
M0
〉
.
(56)
8FIG. 6. (Color online.) DoS for different values of s =µφ/µ0 at
µ0/Ts ≃ 1.07.
FIG. 7. (Color online.) WM0(µφ) at µ0/Ts ≃ 1.07; black dashed
curve shows the dependence of DoS on µφ at zero energy.
This result was obtained earlier in Refs. 33 and 34.
We plot the DoS for different values of the ratio s = µφ/µ0
in Fig. 6 choosing a constant µ0 ≃ 1.07Ts, where Ts is the
SDW order transition temperature. Note that there is a
range of the values of s where an energy gap appears in
the DoS, indicating an insulating phase of the system. We
can trace the transition to the metal considering the value
of the DoS at zero energy, ν(0), as a function of the param-
eter µφ. In Fig. 7 we plot the dependence of the order pa-
rameter WM0 on µφ and, in the same plot, show the depen-
dence ν(0) on µφ (dashed line). One can observe a rather
steep increase of ν(0) in the region around 0.7Ts.
The dependence of the SDW order parameter WM0 on µφ
is calculated from the self-consistency equation, Eq. (3.19)
of Ref. 42, which in addition has to be averaged over themo-
mentum directions. It reduces to the form (see also Ref. 33)
ln(T /Ts)= 2πT
∑
ω>0
ℜ
〈
χ−1+ −ω−1
〉
. (57)
It is of special interest3 to calculate the spin current
through the SDW/I/SDW system. Using the expression
Eq. (47) for the quasiclassical Green’s functions in the left
FIG. 8. (Color online.) Spin current on µ0 resp. µφ.
and right leads, and inserting it into the expression for the
spin current, Eq. (3.13) of Ref. 42,we obtain the familiar form
of the Josephson-like current
jSp = jc,Sp ·sin(α) (58)
for the spin current through the SDW/SDW interface which
has only the spin projection on the x-axis. The critical coef-
ficient jc,Sp is dependent on δµ
jc,Sp = 2µBvνW 2M0(2πT )
〈
|nx |T 2eff
∑
ω>0
ℜ
{
χ+
}2−ℑ{χ+}2
|χ+|4
〉
.
(59)
In Fig. 8 we show the dependence of the critical spin cur-
rent on the twoparametersµ0 andµφ, choosing in each case
the other parameter constant—when plotted as a function
ofµ0, we set µφ = 1.26Ts; plotting the spin current as a func-
tion of µφ we set µ0 = 1.07Ts.
One can see from Fig. 8 and Fig. 7 that in the insulating
phase the spin current is not zero. In contrary, it is at its
maximum. This addresses the question about the possibil-
ity of the appearance of the spin current in an insulator (see
discussion on p. 12 of Ref. 3).
Analyzing the expression (59) for the critical spin current
we see that there is a possibility of a sign change. At small
temperatures, the spin current changes sign if, e.g., the con-
dition WM0 .µ0−µφ holds with µφ <µ0 at the same time.
We note the similarity of the self-consistency equa-
tion (57) with the self-consistency equations presented in
Refs. 49 and 50. Setting µφ = 0 we can map the problem
of finding the dependence of WM0 on µ0 onto the prob-
lem of finding the dependence of the superconducting or-
der parameter on a strong exchange field resulting in the
so-called Larkin–Ovchinnikov–Fulde–Ferrell (LOFF) state,
which is characterized by the spatial dependence of∆. Note
that the possibility of the LOFF-like state in pnictides was
noted earlier by Gor’kov and Teitel’baum.55
V. DISCUSSION
We have considered Josephson-like junctions of the
SDW/F/SDW and SDW/I/SDW types and calculated the
9spin current jSp in these systems. In both the cases the de-
pendence of jSp on the angle α between the mutual orien-
tations of the magnetization vectors M in the right and left
leads is given by Eq. (36). The critical current density jSp,c is
determined by the interface transparencies.
We emphasize the analogy between the SDW/F/SDW
junctions and the Josephson S/F/S junctions with a non-
homogeneous magnetization. In both the systems there
are “short”- and long-range components of the order pa-
rameters that penetrate the ferromagnet. In the ballistic
systems under consideration the “short”-range SDW com-
ponent penetrating the F-layer oscillates with a period of
the order of ξF,b =ħv/H . It stems from the SDW compo-
nent parallel to the magnetization vector MF in the ferro-
magnet. The SDW component normal to the MF vector
penetrates the ferromagnet on a long distance of the or-
der of ξN,b =ħv/2πT . The penetration depth of this com-
ponent does not depend on the exchange field H , and, in
this sense, this component is analogous to the odd triplet
long-range component in S/F/S junctions with a nonhomo-
geneous magnetization.
However, there is an essential difference between the spin
current in SDW/F/SDW junctions jSp(x) and the Joseph-
son charge current jJ in S/F/S junctions. Whereas the
Josephson current jJ, as it should be, does not depend on x
(div jJ = ∂x jJ = 0), the spin current jSp(x) oscillates in space
with a period of the order ξF,b. This behavior is a conse-
quence of the fact that the spin current arises due to the in-
terference between the “short”- and long-range component
of the SDW in the ferromagnet.
The spin current in SDW/I/SDW junctions depends on
the angle α in the same way as in the SDW/F/SDW junc-
tions, i.e., jSp ∼ sin(α). We have calculated the dependence
of jSp in an SDW/I/SDW junction on the parameter δµ char-
acterizing the deviation from the ideal nesting. At δµ= 0,
an energy gap WM0 opens in the excitation spectrum in the
leads with the SDW (see Fig. 7). In a certain region of the pa-
rameter δµ, the energy gap disappears and the leads of the
junction become metals (or semimetals). The spin current
exists in both the cases; it turns to zero at the Neel tempera-
ture when WM0→ 0.
Furthermore, we have derived the Ferrell–Prange equa-
tion for the Josephson-like junctions with the SDW and
found a solution describing a localized spin current distri-
bution analogously to the fluxon in a tunnel S/I/S Joseph-
son junction. The characteristic length of the “fluxon”,
l0 =
√
dlc, is determined by the barrier transmittance and
the thickness d of the leads with the SDW. In the case of bulk
leads the thickness d should be replaced by a characteris-
tic length over which the vector M of the SDW restores its
favorable direction in the bulk, which is determined by the
anisotropy effects.
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Appendix A: Model Boundary Condition
Here, we generalize the boundary conditions for quasi-
classical Green’s functions to the case of a two-band ma-
terial with the SDW. It is not in the scope of the paper to
present a rigorous derivation of the boundary conditions
with account for all the possible processes accompanying
the passage of electrons through the interface. We ignore
the interband transitions and also the spin-flip processes.
In addition, we restrict ourselves to the case of a low trans-
mittance coefficient. Thus, the derived boundary condi-
tions, to some extent, are phenomenological. However, in
a single-band case they coincide with the boundary condi-
tions derived by Zaitsev46 and in case of two-band material
they are compatible with the boundary conditions used in
Ref. 53. Note also that the exact form of the boundary con-
ditions is not important for our qualitative conclusions such
as the appearance of the “short”- and long-range SDW com-
ponents in the ferromagnet.
In the case of weak penetration and single-band materi-
als, the boundary conditions for the Green’s function gˇ have
the form of Eq. (7), in which the matrix Tˇ should be re-
placed by a scalar T (see Ref. 46). The Green’s function on
the left-hand side of this equation determines the charge
current through the interface. It equals the commutator
multiplied by T 2 and consisting of the symmetric in mo-
mentum space Green’s functions. This part of Eq. (7), which
of course also determines the charge current, can be ob-
tained by using the tunneling Hamiltonianmethod (see, e.g,
Ref. 54). In terms of the operators Cˇl(r) and Cˇ
†
l(r)
introduced
in Ref. 42 the tunneling Hamiltonian can be written as fol-
lows
HT =
∑
k,s,s ′
(
Tˇ Cˇ†
l
Cˇr+c.c.
)
, (A1)
where Tˇ = (T3ρˆ3 +T0ρˆ0) · τˆ3 · σˆ0 and the coefficients T0,3
are defined in Eq. (7) in terms of the matrix elements T1,2
describing the electron transition through the interface in
each band. The Green’s function Gˆ satisfies the equation
(see, e.g, Ref. 54)
Gˆl = Gˆ0,l+Gˆ0,l · ΣˆT ·Gˆl , (A2)
where ΣˆT = Tˇ GˆrTˇ . This means that the self-energy part
has formally the same form as in the case of the impu-
rity scattering, but the Green’s function in ΣˆT describes an-
other (right) lead in the equation for the Green’s function Gˆl
of the left lead. The charge current through the interface is
determined by the trace of a commutator
Tr
{
ρˆ3 · τˆ3 · σˆ0 ·
[
ΣˆT ,Gˆl
]}
= Tr
{
ρˆ3 · τˆ3 · σˆ0 ·
[
Tˇ GˆrTˇ ,Gˆl
]}
.
(A3)
The expression in the curly brackets expressed in terms of
the quasiclassical Green’s functions appears in the right-
hand side of Eq. (7).
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Appendix B: Spin Current in a Bulk Material with the SDW
In order to obtain the expression for the spin current in
the left (right) lead flowing parallel to the interface, we as-
sume that the angle α varies in space slowly so that the
change of α on a short coherence length ξSDW =ħv/WM0 is
small. The characteristic length ξα of the α variation is in-
versely proportional to the critical current j x
c,Sp
(see below)
and is much larger than ξSDW. If the angle α is spatially con-
stant, then the Green’s function gˇ ≡ gˇα obeys the equation[
Λˇ , gˇα
]= 0. (B1)
The solution of this equation is given by Eq. (5) and may be
represented in the form
gˇα = Λˇ/EM = Sˇ gˇ0Sˇ† , (B2)
where the matrix gˇ0 =
{
ωn τˆ3+ (WM0/EM )ρˆ1 · τˆ2 · σˆ3
}
does
not depend on α. The unitary matrix Sˇ is defined as
Sˇ = cos(α/2)+ isin(α/2)ρˆ3 · τˆ3 · σˆ1. If the angle α(z) slowly
depends on the coordinate along the interface, we have
to add a correction δgˇα to the matrix gˇα which depends
on nx—δgˇα =nx aˇα. The matrix aˇ satisfies the equation
v
(
Sˇ† ·∂z Sˇ · gˇ0+ gˇ0 ·∂z Sˇ† · Sˇ
)+2EM gˇ0 · aˇ0 = 0, (B3)
where the matrices aˇα and aˇ0 are related in the same way as
matrices gˇ0 and gˇα, i.e., aˇα = Sˇ aˇ0Sˇ†. Here, we used
gˇ0 · aˇ0+ aˇ0 · gˇ0 = 0, (B4)
which follows from the normalization condition Eq. (27).
One easily finds
Sˇ†∂z Sˇ = (i/2)∂zαρˆ3 · τˆ3 · σˆ1 . (B5)
Combining Eqs. (B3), (B5) and the normalization condi-
tion gˇ0 · gˇ0 = 1, we find
aˇ0 =−v(i/2)∂zαWM0E−3M
(− iωρˆ0 · τˆ3 · σˆ2+WM0ρˆ3 · τˆ3 · σˆ1) ,
(B6)
and using Eq. (32), we obtain the Eq. (42) for j z
Sp
(z).
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